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Abstract 

This note deals with the computation of the factorization number 
F 2 {G) of a finite group G. By using the Mobius inversion formula, ex¬ 
plicit expressions of F 2 {G) are obtained for two classes of finite abelian 
groups, improving the results of Factorization numbers of some finite 
groups, Glasgow Math. J. (2012). 
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1 Introduction 

Let G be a group, L{G) be the subgroup lattice of G and H, K be two 
subgroups of G. If G = HK, then G is said to be factorized by H and K 
and the expression G = HK is said to be a factorization of G. Denote by 
F 2 {G) the factorization number of G, that is the number of all factorizations 
of G. 

The starting point for our discussion is given by the paper [3], where 
F 2 {G) has been computed for certain classes of finite groups. The connection 
between F 2 {G) and the subgroup commutativity degree sd{G) of G (see [SI[7]) 
has been also established, namely 


1 



Obviously, by applying the well-known Mobius inversion formula to the above 
equality, one obtains 

(1) F2{G) = Y, ^diH) I L{H) |2 G). 

H<G 

In particular, if G is abelian, then we have sd{H) = 1 for all H G L{G), and 
consequently 

(2) F,AG) = ^ I L(H) ^G/H) p ^(H). 

H<G H<G 

This formula will be used in the following to calculate the factorization num¬ 
bers of an elementary abelian p-group and of a rank 2 abelian p-group, im¬ 
proving Theorem 1.2 and Corollary 2.5 of [3]. An interesting conjecture about 
the maximum value of F 2 {G) on the class of p-groups of the same order will 
be also presented. 

First of all, we recall a theorem due to P. Hall [1] (see also 0), that 
permits us to compute explicitly the Mobius function of a hnite p-group. 

Theorem 1. Let G be a finite p-group of order p^. Then fi{G) = 0 unless 
G is elementary abelian, in which case we have p{G) = (— 

In contrast with Theorem 1.2 of [3] that gives only a recurrence relation 
satished by F 2 (Zp), n G N, we are able to determine precise expressions of 
these numbers. 

Theorem 2. We have 

n 

(3) F2(Z") = . 

i=0 

where On^pii) is the number of subgroups of order p* of Hf, an,p is the total 
number of subgroups of ILf, and, by convention, (*) = 0 for i = 0,1. 

Since the numbers an,p{i), i = 0,1, ...,n, are well-known, namely 

/•x _ _ (p^ - 1) ■ ■ • (p - 1) _ 

(p*-l)---(p-l)(p-*-l)---(p-l)’ 
the equality (3) easily leads to the following values of F 2 {fLp) for n = 1, 2, 3,4. 
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Examples. 


a) E 2 (Zp) — 3. 

b) -F2(Zp = + 3p + 5. 

c) F2{1?p) = 3p^ + + 5p + 7. 

d) F2(Z^) = / + 3p^ + 9/ + + IV + IV + 12p2 + 23p + 9. 

Next we compute the factorization number of a rank 2 abelian p-group. 

Theorem 3 . The factorization number of the finite abelian p-group Zp^i x 
oi < CX2, is given by the following equality: 

E2(ZpaiX 'LpO‘2) = [(2q! 2 ~ 2ai + — (602 ~ Sai + 

+ (602 - 6ai - _ (^ 2 a 2 - 2ai - 1^“!+^ - (2ai + 203 + 3 )p^+ 

+ (6cri + 602 “1“ 7 )p^ — (btti + 602 + 5 )p + (2cri + 202 + 1)] • 


We remark that Theorem 3 gives a generalization of Corollary 2.5 of [3]. 
Indeed, by taking oi = 1 and a 2 = n m the above formula, one obtains: 

Corollary 4. T 2 (Zp x Z^n) = (2n — l)p^ + (2n + l)p + (2n + 3). 

Finally, we will focus on the minimum/maximum of F 2 {G) when G be¬ 
longs to the class of p-groups of order p^. It is easy to see that 

2n -|- 1 = F 2 (Zpn) < F 2 {G). 

For n < 3 the greatest value of F 2 {G) is obtained for G = Z”, as shows the 
following result. 

Theorem 5. Let G be a finite p-group of order p^. If n <3, then 


F2{G) < F2{z;). 


Inspired by Theorem 5, we came up with the following conjecture, which 
we also have verified for several n > 4 and particular values of p. 
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Conjecture 6. For every finite p-group G of order p"^, we have 


F2{g) < Ffiz;). 


We end our note by indicating a natural problem concerning the factori¬ 
zation number of abelian p-groups. 

Open problem. Compute explicitly F2{G) for an arbitrary finite abelian 
p-group G. Given a positive integer n, two partitions r, r' of n and denoting 
by G, G' the abelian p-groups of order p"" induced by r and r', respectively, 
is it true that F 2 {G) > F 2 {G') if and only if r ^ t' (where ^ denotes the 
lexicographic order)? 


2 Proofs of the main results 


Proof of Theorem 2 . By using Theorem 1 in (2), it follows that 

n 

^ I L{z;/H) p ^{H) = 5; ^ I l{z;/h) p ^{h) = 

H<Z" i=0 H<z^ 

\H\=pi 


as desired. ■ 

Proof of Theorem 3 . It is well-known that G = Zpci x Zpa 2 has a unique 
elementary abelian subgroup of order p^, say M, and that 

G/M = Zpdi-iX Zpdj-i. 

Moreover, all elementary abelian subgroups of G are contained in M. Denote 
by Mi, i = 1 , 2 , ...,p + 1, the minimal subgroups of G. Then every quotient 
G/Mi is isomorphic to a maximal subgroup of G and therefore we may assume 
that 

G/Mi = Zpoi-iX 'LpC ‘2 for i = 1 , 2 , ...,p 
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and 


G/Ivlp^l — Wjpai X ZpQ!2-l. 

Clearly, the equality (2) becomes 

p+i 

F2{G) = I L{G/M) p /i(M) + I L{G/Mi) ^ /i(M,)+ | L(G) 1^ /i(l), 

2=1 

in view of Theorem 1. Since by Theorem 2 we have /i(M) = /i(Zip) = p, 
p{Mi) = pi{1>p) = —1, for alH = l,p + 1, and /i(l) = 1, one obtains 

(4) F2{G^ ~P I T(Zpai-iX ZpQ!2-i) I — p \ T(Zpc«i-iX ZpQ2) I — 

— I L(^paiX ZpC«2-l) 1^ T I L{^pOL\X Zpa2 ) ^ • 

The total number of subgroups of Zp^^x ZpC2 has been computed in Theorem 
3.3 of [6], namely 

[(®2——(02—Qfi — — (cri+cr2+3)p+(cri+cr2 + 1)] • 

Then the desired formula follows immediately by a direct calculation in the 
right side of (4). ■ 

Proof of Theorem 5. For n = 2 we obviously have 

F2{Zp2) = 5 < T2(Zp) = + 3p + 5. 

For n = 3 it is well-known (see e.g. (4.13), [1], II) that G can be one of the 
following groups: 

- Z2, Z2 X Z4, Zg, Dg and Qg if p = 2; 

- Zp, Zp X Zp 2 , Zp3, M{p^) = {x,y \ = l,y~^xy = x^^^) and 

E{p^) = (x, p I = [x,yY = 1, [x,y] G Z{E{p^))) if p > 3. 

By using the results in Section 2 of [5], one obtains 
for p = 2 : 

-^2(^2) ~ 129 > T2(Z2 X Z4) = 29,F2(Zg) = 7,F2{Dg) = A1,F2{Q8) = 17 
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and 


for p > 3 : 

F2(Zp) = 3p^ + 4:p^ + 8p^ + 5p + 7 > F2{ZpXZp2) = F2{M{p^)) = 3p^ + 5p + 7, 
F2{Zp2.) = 7. 

We also observe that E{p^) has p + 1 elementary abelian subgroups of order 
say Ml, M 2 , ..., Mp+i, and that every Mj contains p +1 subgroups of order 
p, namely <h(i7(p^)) and M^, j = 1, 2, ...,p. Then | L{E{p^)) | = p^ + 2p + 4 
and so 

F2{E{p^)) < I L{E{p^)) P = p^ + 4p^ + 12p^ + 16p + 16. 

On the other hand, we can easily see that this quantity is less than F 2 {Zp) 
for all primes p > 3, completing the proof. ■ 

Remark. It is clear that an explicit formula for F 2 {E{p^)) cannot be ob¬ 
tained by applying ( 2 ), but we are able to determine it by a direct computa¬ 
tion. The factorization pairs of E{p^) are: 

- {l,E{p^)), {E{p^),l); 

- {Mij, Mi,) {Mij, E{p^)), {E{p^), Mij), i = l,p+ 1, j = ITp; 

- mE{p^)),E{p^)), (i7(p3),$(i7(p3))); 

- {Mi,Mi,j)yi' 7 ^ i,j = l, 2 ,...,p, {Mi,Mi,)yi' 7 ^ i, {Mi,E{p^)) and 
{Mi,E{p^)), i = l,p + 1 ; 

- {E{p^),E{p^)). 

Hence 

F2{E{p^)) = 2 +p{p + l)(p + 2) + 2 + {p + l)(p^ + P + 2) + 1 = 

= 2p^ -I- 5p^ -I- 5p -I- 7. 

Acknowledgements. The author is grateful to the reviewer for its remarks 
which improve the previous version of the paper. 
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